In the framework of the inverse scattering method, the solution of the Kadomtsev{Petviashvili equation in its version called KPI is considered. The spectral theory is extended to the case in which the initial data u(x; y) are not vanishing along a nite number of directions at large distances in the plane.
The Kadomtsev{Petviashvili equation, that we consider here in its version called KPI (u t ? 6uu x + u xxx ) x = 3u yy (1) with u = u(x; y; t) real, already in 1974 1, 2] has been acknowledged to be integrable in the context of the inverse scattering method since it can be associated to a linear spectral problem and, precisely, to the nonstationary Schr odinger equation ? ?i@ y + @ 2 x ? u(x; y) = 0:
(2) However, building a complete theory for the spectral transform of the potential u(x; y) turned out to be unexpectedly di cult. The real breakthrough has been the discovery that the problem is solvable via a nonlocal Riemann{Hilbert problem formulation 3, 4] .
Successively other progress have been made. The characterization problem for the spectral data of a potential u(x; y) vanishing at in nity was solved in 5]. The extension of the spectral transform to the case of a potential u(x; y)
approaching to zero at large distances in every direction except a nite number has been faced in 6]. However, only the case of potential asymptotically symmetric with respect to the origin was considered, excluding in particular the presence of solitons. As regards solitons the pure N{soliton solution has been given in 7, 8] , but the problem of giving the spectral transform of N solitons on a generic smooth background has been left (up to now) unsolved. In this letter (details will be given in forthcoming publications) we report some results of the study of a potential u(x; y) having non trivial limits u n; (x; y) = lim y 0 ! 1 u (x ? 2 n (y ? y 0 ); y 0 ) ; n = 1; 2; : : :; N (3) for N real constants n and otherwise vanishing at large distances. These asymptotic one-dimensional potentials can be chosen freely in the sense that their spectral transforms (related to the stationary Schr odinger equation) can have both a discrete and a continuous part. This general case can be described by saying that the Fourier transform with q 1 ; q 2 two complex spectral parameters (their complex character is stressed by using boldface fonts). On the set of the images we introduce the hermitian conjugation A y (p; q) = A(?p; p + q) (7) and the composition (AB)(p; q) = Z dp 0 A(p ? p 0 ; q + p 0 )B(p 0 ; q) (8) The distribution I(p; q) = (p)1 is considered as the image of 1. Then we introduce the inverse M(p; q) of L(p; q) according to this composition law ML = LM = I: (9) This M can be considered a sort of resolvent extended to complex values of the spectral parameter q: It satis es Hilbert{like identities which play a crucial role in the theory. It can be used to generate all the quantities involved in the theory from Jost solutions to spectral data. In particular the Jost solution can be obtained as the residuum of M(p; q) on the singular curve q 2 = q 2 1 resulting to depend, as expected, on only one spectral parameter q 1 : The freedom in choosing the way along which to approach the curve can be exploited in order get a Jost solution well de ned also for potentials which are singular as in (5) 
where the products of distributions have to be performed in the order indicated.
To make explicit the novelty of this integral equation with respect to the usual case of potentials u(x; y) vanishing at large distances one can rewrite it in the (x; y) space. The Jost solution of (2) is given, up to a gauge shift, by the Fourier transform of j i; i.e.
(x; y; k) = e ?ikx+ik 2 y (x; y; k); (x; y; k) = Z dp e ip1x?ip2y j i(p; k): (11) where the spectral parameter q 1 has been renamed k in order to meet the more traditional notation.
Then by computing the Fourier transform of (10) ; k ; (12) where the integration over p 1 must be performed after the integrations over x 0 and y 0 . This equation is well-posed for potentials with nontrivial limits (3) and in the special case u(x; y) = u 1 (x?2 y) one recovers the standard Jost solution of the stationary one-dimensional Sturm{Liouville equation with potential u 1 (x).
In order to nd the correct de nition of the spectral data it is necessary a detailed study of the leading singularities of j i(p; q 1 ) for the special class of potentials considered in (5 (14) where the products of distributions have to be performed in the order indicated and j i(p; q 1 ); t (q 1 ) are the values of the Jost solution and of the transmission coe cient on the two sides q 1< + i0 ( = +; ?) of the real axis in the complex q 1 {plane.
By using a reduced version of the Hilbert identities satis ed by the resolvent M one can prove that the spectral data satisfy the characterization equations (R ? ) y R = T (15) R (T ) ?1 (R ? ) y = I (16) (R + ) y R + = (R ? ) y R ? : (17) The discontinuity of the Jost solution on the real axis is given in terms of the spectral data by the formula j iT = j ? i(R ) y R ; = +; ?
Therefore, once given the spectral data, by the standard @{method the Jost solution and, consequently, the potential v(p) can be reconstructed.
Finally let us note that by analyzing the singular structure of the Jost solution one can express the spectral data in terms of the di erent elements composing the considered potential. For instance if one want to superimpose, in an integrable way, N solitons to a potential u(x; y) going smoothly to zero at in nity and with spectral data R one has to consider the potential e v(p) corre- The real parameters l and l x the characteristic of the l{th soliton. The parameter l is chosen to be greater than zero and this explains the dissymmetry in the formulae (19) and (20).
